Abstract. The Bers embedding of the Teichmüller space is a map into the Banach space of certain holomorphic automorphic forms. For a subspace of the universal Teichmüller space and its corresponding Banach subspace, we consider whether the Bers embedding can project down between their quotient spaces. If this is the case, it is called the quotient Bers embedding. Alternatively, we can describe this situation by saying that the universal Teichmüller space has an affine foliated structure induced by the subspace. Injectivity of the quotient Bers embedding is a main problem in this paper. We give several examples of subspaces for which the injectivity holds true, including the Teichmüller space of circle diffeomorphisms with Hölder continuous derivative. As an application, the regularity of conjugation between representations of a Fuchsian group into the group of circle diffeomorphisms is investigated. 
Introduction
The universal Teichmüller space T is the ambient space of any other Teichmüller spaces. An affine foliated structure of T is induced by its subspace through the Bers embedding β of T into the Banach space B(D * ) of hyperbolically bounded holomorphic functions on the disk D * in the Riemann sphere centered at the infinity. This was first investigated by Gardiner and Sullivan [11] for the little subspace T 0 , which consists of the asymptotically conformal elements of T . This subspace is embedded by β into a Banach subspace B 0 (D * ) of B(D * ) consisting of the elements vanishing at the boundary. They showed that the foliation of T given by the right translations of T 0 in T corresponds to the affine foliation of B(D * ) by the subspace B 0 (Dinjective. This is due to Kahn, and we also refer to Gardiner and Lakic [10, Section 16.8] .
Earle, Markovic and Saric [8, Theorem 4] generalized the injectivity of the quotient Bers embedding for the Teichmüller space T (D /Γ) of a Riemann surface D /Γ for a Fuchsian group Γ and the corresponding little subspace T 0 (D /Γ).
In this paper, we show other examples of affine foliated structures of the universal Teichmüller space T and the injectivity of their quotient Bers embeddings. The subspaces of T we handle here are the p-integrable Teichmüller space T p (see Cui [5] , Guo [13] , Shen [24] , Tang [26] and Yanagishita [27] ) and the Teichmüller space T >0 0 of circle diffeomorphisms of Hölder continuous derivative of an arbitrary exponent (see [16] , [17] ). The definitions of these Teichmüller spaces and the precise statements of our main theorems are given in Sections 3 and 4, respectively. For the 2-integrable Teichmüller space T 2 , Takhtajan and Teo [25] have shown the affine foliated structure of T induced by T 2 , but the injectivity of the quotient Bers embedding seems a new result.
For the proofs of the above injectivity, we use a simple common argument. In Section 2, we summarize it as a general principle. The injectivity of the quotient Bers embedding has been also proved in a different setting and in a different method. See a recent work of Wei and Zinsmeister [28] .
Affine foliated structures can be also defined on other Teichmüller spaces than T . In Sections 5, we consider such situations, and in particular, we prove the affine foliated structure of T >0 0 induced by the Teichmüller space T α 0 of circle diffeomorphisms of α-Hölder continuous derivative for α ∈ (0, 1) as well as the injectivity of its quotient Bers embedding. We have obtained in [19] a complex structure on T α 0 modeled on a certain Banach space via the Bers embedding. Our result in particular shows that T >0 0 admits such a Banach manifold structure with the decomposition into mutually disjoint but equivalent components, and each component corresponds injectively to an affine subspace of the Bers embedding.
As an application of one of our main theorems, we can represent the deformation space DT (Γ) of a Fuchsian group Γ ⊂ Möb(S) ∼ = PSL(2, R) in the group Diff >1 + (S) of all circle diffeomorphisms with Hölder continuous derivatives of any exponent as a subspace of the Teichmüller space AT (Γ) of Γ-invariant symmetric structures on S. Here AT (Γ) is the closed subspace of AT that consists all elements of AT fixed by the action of every γ ∈ Γ, and admits a complex Banach structure. This was studied in [18] . To show the injectivity of DT (Γ) → AT (Γ), we also need a rigidity theorem for the representation of Γ in Diff 1+α + (S) given in [20] . Then we finally prove in Section 6 that if two representations of Γ in Diff r + (S) for r > 1 are conjugate by a symmetric homeomorphism f , then f actually belongs to Diff r + (S).
Preliminaries
An orientation-preserving homeomorphism w of a domain in the complex plane is said to be quasiconformal if partial derivatives w z and wz in the distribution sense exist and if the complex dilatation µ w (z) = wz/w z satisfies µ w ∞ < 1. Let
be the space of such measurable functions on the unit disk D, which are called Beltrami coefficients. We denote the group of all quasiconformal self-homeomorphisms of D by QC(D). By the measurable Riemann mapping theorem (see [1] For every µ ∈ Bel(D), we extend it to a Beltrami coefficient µ on the Riemann sphere C by setting µ(z) ≡ 0 for z ∈ D * = C − D. We denote a quasiconformal automorphism of C with complex dilatation µ by f µ . The measurable Riemann mapping theorem guarantees the existence of such f µ and the uniqueness of f µ up to the post-composition of Möbius transformations of C. We take the Schwarzian derivative S fµ : D * → C of the conformal homeomorphism f µ | D * . By the Nehari-Kraus theorem, S fµ belongs to the complex Banach space of holomorphic functions
is defined, which is called the Bers projection (onto the image). For the Teichmüller projection π : Bel(D) → T and the Bers projection Φ : Bel(D) → B(D * ), we can show that Φ • π −1 is well-defined and injective, which defines a map β : T → B(D * ) called the Bers embedding. Actually, β is a homeomorphism onto the image β(T ) and β(T ) is a bounded domain in B(D * ). This provides a complex Banach manifold structure for T .
There is a global continuous section for the Teichmüller projection π : Bel(D) → T . This is defined by giving a canonical quasiconformal extension e : QS → QC(D) for each quasisymmetric automorphism g of S. Douady and Earle [6] introduced the barycentric extension e DE : QS → QC(D) having the conformal naturality that
for any φ 1 , φ 2 ∈ Möb(S) and any g ∈ QS. By taking the quotient of Möb(S) = Möb(D), we have a continuous map s : T → Bel(D) such that π • s = id T . The existence of a global continuous section implies that T is contractible. Let σ : Bel(D) → Bel(D) be defined by the correspondence of µ to s(π(µ)) for the section s. The image σ(Bel(D)) is the set of all Beltrami coefficients obtained by the barycentric extension.
For any ν ∈ Bel(D), let f ν ∈ QC(D) be a normalized element having the complex dilatation ν, where the normalization is given by fixing three boundary points 1, i and −1 on S. The subgroup of QC(D) consisting of all normalized elements is denoted by QC * (D). Applying this normalization, we can define a group structure on Bel(D) and T as follows. For any ν 1 , ν 2 ∈ Bel(D), set ν 1 * ν 2 to be the complex dilatation of the composition f
Then Bel(D) has a group structure with this operation * . In other words, by the identification of Bel(D) with QC * (D), we regard Bel(D) as a subgroup of QC(D). We denote the inverse element of ν ∈ Bel(D) by ν −1 , which is the complex dilatation of (f ν ) −1 . The chain rule of partial differentials yields a formula
Each ν ∈ Bel(D) induces the right translation r ν : Bel(D) → Bel(D) by µ → µ * ν −1 . By the above formula, we see that r ν and (r ν ) −1 = r ν −1 are continuous, and hence r ν is a homeomorphism onto Bel(D). Actually, this is a biholomorphic automorphism of Bel(D).
For the base point [id] of T , the inverse image of the Teichmüller projection
, we see that T has a group structure with the operation * defined by π(ν 1 ) * π(ν 2 ) = π(ν 1 * ν 2 ). The projection of the right translation r ν :
In this way, we have the base point change R τ :
We see that the base point change R τ is also a biholomorphic automorphism of T .
Every element γ ∈ Möb(S) acts on B(D * ) linear isometrically through the Bers embedding β. This means that, for any point [f ] ∈ T with β([f ]) = ϕ ∈ β(T ), the Bers embedding β(γ 
Proposition 1.1. For a quasisymmetric automorphism g ∈ QS, the following conditions are equivalent:
In particular, this shows (we also refer to Earle, Markovic and Saric [8] ) that
Next, we consider how T 0 is mapped by the base point change R τ : T → T for τ ∈ T . Since R τ is a biholomorphic automorphism of T , T 0 is mapped biholomorphically onto the image R τ (T 0 ). Recall that T 0 is a subgroup of (T, * ) and R τ is defined by
for every τ ′ ∈ T . Then the coset decomposition of T by the subgroup T 0 is actually the disjoint union
of mutually biholomorphically equivalent subspaces.
Moreover, we will find that the image of the decomposition T = τ ∈T 0 \T R τ (T 0 ) under the Bers embedding β : T → B(D * ) corresponds to the foliation of β(T ) by the family of Banach affine subspaces {B 0 (D
Hence
The fact that
ν (Bel 0 (D)) was proved in [11] . The converse inclusion is due to Kahn (see [10, Section 16.8] ). As a consequence from a property of the conformally natural section, a different proof of Theorem 1.2 by using the barycentric extension, which is also valid taking the action of a Fuchsian group into account, was given by [8] .
By this result, we have the decomposition of the Bers embedding as
. We call this decomposition the affine foliated structure of T induced by T 0 .
General principle
In this section, we prepare a basic argument to prove the injectivity of the quotient Bers embedding later. This is carried out based on Theorem 1.2. We keep using the same notations.
Fix
. Theorem 1.2 implies that there is a quasiconformal homeomorphism f : C → C conformal on Ω * and asymptotically conformal on Ω such that S f •fν | D * = ϕ + ψ. The complex dilatation µ of f on Ω vanishes at the boundary ∂Ω. In particular, we can choose a compact subset Ω 0 ⊂ Ω such that
where ε( ν ∞ ) > 0 is a constant given later in Lemma 2.1 depending only on ν ∞ .
We decompose f into f 0 • f 1 as follows. The quasiconformal homeomorphism f 1 : C → C is chosen so that its complex dilatation coincides with µ on Ω − Ω 0 and zero elsewhere. Then f 0 is defined to be f • f −1
We utilize a local section for Φ :
, which is a generalization of the Ahlfors-Weill section defined in a neighborhood of the origin, and constructed by using a quasiconformal reflection originally due to Ahlfors [2] . This was improved later with the aid of the barycentric extension by Earle and Nag [9] to hold compatibility with the action of Möbius transformations. The proof of the following lemma can be also found in [10, Section 14.4 ].
Lemma 2.1. Let f ν : C → C be the quasiconformal homeomorphism with complex dilatation ν ∈ σ(Bel(D)) obtained by the barycentric extension, which is conformal on D * with S fν | D * = ψ. Then there exists a constant ε = ε( ν ∞ ) > 0 depending only on ν ∞ such that for every ϕ ∈ B(D * ) with ϕ ∞ < ε, there is a quasiconformal homeomorphism
where λ : Ω → Ω * is a quasiconformal reflection with respect to ∂Ω defined by
We apply this lemma for the previous ν with ψ = Φ(ν) and
Note that we may assume that ν is obtained by the barycentric extension. Replacing f 1 with the quasiconformal homeomorphism obtained in Lemma 2.1, we can further assume that the complex dilatation µ 1 of f 1 satisfies the above inequality.
Having f ν , f 1 and f 0 already, we take normalized quasiconformal homeomorphisms
Hence its image under the Bers projection Φ is ϕ + ψ. This is also true for f 1 and ϕ 1 instead of f and ϕ.
We consider the function
The complex dilatation µ 0 of f 0 is equal to the push-forward (g 1 ) * µ 0 of the complex dilatation µ 0 of f 0 by the conformal homeomorphism g 1 . Since the support of µ 0 is in the compact subset f 1 (Ω 0 ) ⊂ f 1 (Ω), the support of µ 0 is in a compact subset of D. Similarly, the complex dilatation µ 1 of f 1 is equal to (g ν ) * µ 1 . Then we see that
The above arguments are summarized as follows.
satisfying the following properties:
for some ε > 0 and for every z ∈ D; (2) the support of the complex dilatation µ 0 of the normalized quasiconformal homeomorphism f 0 : D → D, which is conformally equivalent to f 0 :
, is contained in a compact subset of D; (3) for the complex dilatation µ 1 of the normalized quasiconformal homeomorphism
In the remainder of this section, we mention two results, which provides a foundation for the argument on the affine foliated structure given by the Bers embedding. Proposition 2.3. Let f µ and f ν be the quasiconformal homeomorphisms of C that are conformal on D * and have complex dilatations µ and ν respectively on D.
holds for ζ ∈ Ω * , where ρ Ω * (ζ) is the hyperbolic density on Ω * .
Proof. It was shown in Yanagishita [27, Lemma 3.1] by applying the argument of Astala and Zinsmeister [3] that
Then by the estimate using the Cauchy-Schwarz inequality and the area theorem as in the proof of [27, Proposition 3.2], we have that
where α is the complex dilatation of
ν . This yields the required inequality.
Proof. A simple computation shows that
The p-integrable Teichmüller space
In this section, we prove the affine foliated structure of the universal Teichmüller space T and the injectivity of the quotient Bers embedding by the p-integrable Teichmüller space T p for p ≥ 2. Later in this section, this is also extended to the Teichmüller space 
The topology on T p is induced by
We also consider the space of all p-integrable holomorphic functions on D * : 
4]).
We state the main result in this section.
Proof. The inclusion ⊂ in the case of p = 2 was shown by Takhtajan and Teo [25, Theorem 2.13]. For a general p ≥ 2, we can prove this by using the following claims based on Propositions 2.3 and 2.4. They were shown in Lemma 6.4 and Proposition 7.1 of [20] and the remarks after them, respectively. Remark that the inequalities below include the case that they are attained by ∞ for both sides. Claim 1. Let µ ∈ Bel(D) be arbitrary and let µ ′ ∈ σ(Bel(D)) be obtained by the barycentric extension. Then
where C 1 > 0 is a constant depending only on µ ′ ∞ . Claim 2. For µ 1 , µ 2 , ν ∈ Bel(D), we have that
where C 2 > 0 is a constant depending only on ν ∞ , µ 1 ∞ and µ 2 ∞ .
For any µ ∈ Ael p (D), we have only to show that Φ(r
This proves the inclusion ⊂.
, there is a quasiconformal homeomorphism f : C → C conformal on Ω * and asymptotically conformal on Ω such that S f •fν | D * = ϕ + ψ. According to Proposition 2.2, we consider the decomposition f = f 0 • f 1 together with other maps that appear in this proposition. We use the properties shown in this proposition.
Since
. By property (2), µ 0 in particular belongs to Ael p (D), and then by property (3) and the consequence from Claims 1 and 2 just proved above, we have that
Here we change the variables from z = x + iy to z
which is finite by
We may assume that f ν is obtained by the barycentric extension. In this case, the Jacobian J f ν is estimated as 
which shows the inclusion ⊃.
The above result can be generalized to the p-integrable Teichmüller space T p (D /Γ) of a Riemann surface D /Γ for a torsion-free Fuchsian group Γ whose hyperbolic elements have translation lengths uniformly bounded away from 0. We say that such a Fuchsian group group Γ satisfies the Lehner condition. This space was introduced by Yanagishita [27] . We only sketch the argument below. We require the elements in our spaces to be Γ-invariant and the maps involved in the previous proof to be compatible with Γ.
A
for every γ ∈ Γ. Such a µ projects down to a Beltrami differential on the Riemann surface D /Γ, and the space of all Γ-automorphic Beltrami coefficients µ ∈ Bel(D) is denoted by Bel(D /Γ). We define the space of p-integrable Γ-automorphic Beltrami coefficients on D as
for every γ ∈ Γ. Such a ϕ projects down to a holomorphic quadratic differentials on the Riemann surface D * /Γ, and the space of all Γ-automorphic holomorphic functions ϕ ∈ B(D * ) is denoted by B(D * /Γ). We define the space of p-integrable Γ-automorphic holomorphic functions on D * as [14] ) that β restricted to T (D /Γ) is a homeomorphism onto the image
which is a domain in B(D * /Γ). By the conformal naturality of the barycentric extension, we have σ(Bel(D /Γ)) ⊂ Bel(D /Γ).
. The Γ-compatible version of the previous theorem is as follows.
Proof. We only refer to the points where Γ-compatibility is required in addition to the proof of Theorem 3. 
is well-defined and injective for any Fuchsian group Γ satisfying the Lehner condition.
The Teichmüller space of circle diffeomorphisms of Hölder continuous derivative
In this section, we prove the affine foliated structure of the universal Teichmüller space and injectivity of the quotient Bers embedding by the Teichmüller space T >0 0 of circle diffeomorphisms of Hölder continuous derivative.
For a constant α ∈ (0, 1), we denote by Diff 1+α + (S) the group of all orientation-preserving diffeomorphisms g of the unit circle S whose derivatives are α-Hölder continuous; there is a constant c ≥ 0 such that
for any x, y ∈ S = R /Z. We give a characterization of Diff 1+α (S) analogously to Proposition 1.1 by considering the following spaces:
We define T α 0 as the Teichmüller space of circle diffeomorphisms of α-Hölder continuous derivatives ( [19] ). Proposition 4.1. For a quasisymmetric homeomorphism g ∈ QS, the following conditions are equivalent:
We consider the Teichmüller space T The following lemma plays the role of the combination of Claims 1 and 2 in the previous proof, and used to show that the quotient Bers embedding is well-defined. This lemma also tells us that the quotient by T α 0 does not seem to give an affine foliated structure for T .
Lemma 4.2.
For an arbitrary ν ∈ Bel(D) with ν ∞ < k < 1, and α ∈ (0, 1),
is satisfied for any µ 1 , µ 2 ∈ Bel α 0 (D), where C > 0 depends only on k, µ 1 ∞ and µ 2 . Proof. The Mori theorem ([1, Section III.C]) implies that there is some constant C 0 ≥ 1 depending only on k such that 1
and it follows from Proposition 2.4 that
We use the following inequalities, which are obtained as the extension of distortion theorems by the majorant principle (see [14, Section II.3.5] , [23, Theorem 5.26] ). For a conformal homeomorphism f of D * with a certain normalization that is extendable to quasiconformal automorphism of C, we have
for z ∈ D * , wherek is the supremum norm of the complex dilatation of the quasiconformal extension ([4, p.60]). Also, for a conformal homeomorphism f of D * extendable quasiconformally to C with a certain normalization, we have 1 
, where C 2 > 0 is a constant given by µ ∞ and ν ∞ . Now we apply the last inequality for r ν (µ 1 ) and r ν (µ 2 ) to obtain
, we can assumẽ k to be arbitrarily close to ν ∞ by allowing C 2 to depend also on µ 2 . Indeed, to see this, we use the decomposition µ 2 = µ 20 * µ 21 such that µ 20 has a compact support in D and µ 21 ∞ is arbitrarily small. The details are omitted, for this estimate is not necessary for our application later. Then we apply the previous estimate for r ν (µ 1 ) − r ν (µ 2 ) ∞,α/K and conclude that
Here the constant C can be chosen as C = C 1 C 2 which depends only on k, µ 1 ∞ and µ 2 .
We state the main result in this section. The arguments are parallel to those for Theorem 3.1 in some parts.
Proof. For one inclusion ⊂, we take an arbitrary µ ∈ Bel 
, there is a quasiconformal homeomorphism f : C → C conformal on Ω * and asymptotically conformal on Ω such that S f •fν | D * = ϕ + ψ. According to Proposition 2.2, we consider the decomposition f = f 0 • f 1 and related maps. Since
. By property (2), µ 0 in particular belongs to Bel >0 0 (D), and then by property (3) and the consequence from Lemma 4.2 just proved above, we have that
0 (D * ). We estimate the weighted supremum norm of µ 1 • f ν . Property (1) yields that
This implies that
. By the theorem of Mori, we know that
for some constant C 0 ≥ 1, where
. From this estimate, we see that µ 1 ∈ Bel >0 0 (D). By property (2), the support of µ 0 is contained in a compact subset of D. Hence we see that the complex dilatation
, which shows the inclusion ⊃. :
is welldefined and injective.
Stratification of foliated structures
We can also consider an affine foliated structure for a subspace of the universal Teichmüller space T and repeat it for a smaller subspace. Then we obtain the stratification of foliated structures of T . In this section, we observe such an example. 
Proof. For one inclusion ⊂, we take an arbitrary µ ∈ Bel >α 0 (D). Then there is some α ′ ∈ (0, 1) such that α < α ′ and µ ∈ Bel
There is a quasiconformal homeomorphism f : C → C conformal on Ω * and asymptotically conformal on Ω such that
By property (2), µ 0 in particular belongs to Bel >α 0 (D), and then by property (3) and the result proved above, we have that
Having ν ∈ Bel 0 (D), we apply the asymptotically conformal version of the Mori theorem at the boundary ( [20, Lemma 2.3] 
, which shows the inclusion ⊃.
Next, we consider the affine foliated structure of the Teichmüller space T >0 0 of circle diffeomorphisms of Hölder continuous derivative induced by
Hence For the proof of Theorem 5.2, we need an estimate of the difference of two Beltrami coefficients after sending them by the right translation map induced by an element of Bel
for arbitrary µ 1 , µ 2 ∈ Bel(D), where C ′ > 0 is a constant depending only on ν, α, µ 1 ∞ and µ 2 ∞ .
Proof. By Proposition 2.4, we have that 
Further, their difference after applying the Bers projection can be estimated as follows.
for an arbitrary µ ∈ Bel(D), where C > 0 is a constant depending only on ν, λ, α and µ ∞ .
Proof. We note that r ν (λ) = λ * ν −1 also belongs to Bel 
We also apply Proposition 5.4 to obtain
The dependence of the constant C = CC ′ comes from the claims involved.
Proof of Theorem 5.2. Take an arbitrary µ ∈ Bel α 0 (D). We apply Lemma 5.5 for ν −1 ∈ Bel >0 0 (D) and λ = 0. Then we obtain 
We apply the stronger version of the Mori theorem at the boundary ( [19, Theorem 6.4] 
). This proves the assertion.
Now we obtain a stratification of the universal Teichmüller space T as follows: the first level is T by T 0 ; the second level is T 0 by T 
Applications to representation spaces
The universal asymptotic Teichmüller space is given by AT = Sym \ QS in Gardiner and Sullivan [11] . This admits a complex structure modeled on the quotient Banach space B 0 (D)\B(D). See also Earle, Gardiner and Lakic [7] for the asymptotic Teichmüller space of a Riemann surface. Similarly, for the group Diff >1 + (S) of all circle diffeomorphisms of Hölder continuous derivatives, we can consider the quotient space DT = Diff >1 + (S)\ QS. However, this is no more a Hausdorff space in the quotient topology of QS.
We impose group compatibility on these spaces. Let Γ ⊂ Möb(S) ∼ = PSL(2, R) be a non-elementary Fuchsian group. The deformation space of Γ in Möb(S) is given as the Teichmüller space of Γ, which is defined by
This is a closed subspace of T , and can be identified with the Teichmüller space T (D /Γ) of the Riemann surface D /Γ. In a similar manner, the deformation space of Γ in Sym is given as the asymptotic Teichmüller space of Γ, which is defined by
Remark that this is different from the asymptotic Teichmüller space AT (D /Γ) of the Riemann surface D /Γ studied in [7] . We also define the deformation space of Γ in Diff
Consider the canonical projections
On the other hand, the following rigidity theorems are proved in [20] .
Theorem 6.1. Let Γ be a subgroup of Möb(S) containing a hyperbolic element.
+ (S). Theorem 6.1 (1) implies that the restriction α| T (Γ) : T (Γ) → AT (Γ) is injective for a non-elementary Fuchsian group Γ. As an application of Theorem 6.1 (2) and Theorem 4.3, we will prove below that θ| DT (Γ) : DT (Γ) → AT (Γ) is also injective. Then, under the identification of the embedded images in AT (Γ) by α and θ, we have
We may ask a problem of which (or both) inclusion is strict. 
. We set ϕ = t(ϕ 1 − ϕ 2 ) for a sufficiently small constant t > 0 so that ϕ ∈ β(T ). Since Γ acts on B(D * ) linearly, the above conditions imply that the orbit of ϕ under Γ is in
Here by choosing any hyperbolic element γ ∈ Γ, we can find some α ∈ (0, 1) such that f γ f −1 ⊂ Diff 1+α + (S). However, this contradicts Theorem 6.1 (2). Therefore, there are no such f 1 , f 2 satisfying the conditions mentioned at the beginning, which shows that θ| DT (Γ) is injective.
We have handled so far the class Diff 1+α + (S) for α ∈ (0, 1), but in the following result, we can also consider higher regularity of circle diffeomorphisms at the same time. We denote the group of such circle diffeomorphisms by Diff r + (S) for r > 1. The following corollary to the above theorem asserts that if we restrict a group of circle homeomorphisms to the one obtained by quasisymmetric conjugation of a Möbius group, we can extend a rigidity theorem from a diffeomorphic conjugation to a symmetric conjugation. Here, we refer to a quasisymmetric conjugation of a Möbius group as a uniformly quasisymmetric group. Justification of using this terminology stems from the result of Markovic [15] . ∈ Sym implies that the projections of these points in DT (Γ) by θ are the same point of AT (Γ). By the injectivity due to Theorem 6.2, we obtain that f 1 coincides with f 2 modulo Diff The following result is a special case of the theorem due to Ghys and Tsuboi [12] . Actually, as remarked by Navas [22, p.152] , their theorem can be generalized to Diff 
Appendix: The Sternberg linearization theorem
In this appendix, we give a proof of Theorem 6.4. To this end, following the instruction by Navas [22, p .150], we will do an exercise in proving a C 1+α -version of the Sternberg linearization theorem. Note that [22, Theorem 3.6.2] handles the case of C r for any integer r ≥ 2 including r = ∞, and the non-integer case can be shown similarly to the argument below.
Theorem 7.1. Let g be a real-valued orientation-preserving C 1+α -diffeomorphism defined on some neighborhood of 0 ∈ R such that g(0) = 0 and g ′ (0) = a = 1. Then there exists a real-valued orientation-preserving C 1+α -diffeomorphism h defined on some neighborhood of 0 ∈ R with h(0) = 0 and h ′ (0) = 1 such that h(g(x)) = ah(x). Moreover, such an h is unique. More precisely, if a real-valued orientation-preserving C 1 -diffeomorphism h 1 defined on some neighborhood of 0 ∈ R satisfies the same properties as h, then h 1 coincides with h in some neighborhood of 0 ∈ R.
Proof. By considering g −1 if necessary, we may assume that 0 < a < 1. For δ ∈ (0, 1), we assume that g is defined on [−δ, δ]. We set we see that E δ is a Banach space. As before, |ψ ′ (x)| ≤ ψ δ α for every x ∈ [−δ, δ]. We define a linear operator S δ : E δ → E δ by
We will show that this is well-defined and the operator norm satisfies S δ < 1 if we choose a sufficiently small δ > 0. Since We choose δ > 0 so small that both g(x) and g(y) are in [−δ, δ]. Then the last term in the above inequality is bounded by
where ξ is some real number between x and y. Therefore,
which can be made smaller than 1 by δ → 0 and hence c δ δ α → 0. We set ψ * (x) = g(x) − ax, which belongs to E δ . By fixing ψ * , we consider a functional equation S δ (ψ) + a −1 ψ * = ψ with respect to ψ ∈ E δ . If we set the left side term as
with S δ < 1. Then, by the Banach contraction principle, there exists ψ 0 ∈ E δ uniquely such that F (ψ 0 ) = ψ 0 . We define h(x) = x + ψ 0 (x). This satisfies that h(g(x)) = g(x) + ψ 0 • g(x) = ψ * (x) + ax + ψ 0 • g(x)
= ψ * (x) + ax + aS δ (ψ 0 )(x) = aψ 0 (x) + ax = ah(x).
Thus, this function h is the desired one. Next, we show the latter statement on the uniqueness. For any x in some neighborhood of 0 ∈ R, we have
(ax). Then it follows that
1 (a n x) a n = x h • h −1 1 (a n x) a n x for any n ∈ N, and this tends to x as n → ∞. Hence h • h −1 1 (x) = x, that is, h(x) = h 1 (x).
We have the following consequence in the same way as [22, Corollary 3.6.3] .
